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induced by high-order complex degeneracies

Alain Joye

Centre de Physique Théorique, CNRS Marseille, Luminy case 907, 13288 Marseille Cedex 9,
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Abstract, The adiabatic limit of the transition probability for two-level systems driven by
real symmetric time-dependent Harnilionians is considered. When the Hamiltonian depends
analytically on time, the transition probability is governed, in simple cases, by a complex
eigenvalue crossing point which is, generically, a square root branching point for the eigenvalues,
In such a case, the transition probability is given by the Dykhne formula, the recently discovered
geometric prefactor being equal to one. In this paper we deal with the general sitvation where the
relevant eigenvalue crossing point is a branching point of order n/2, n 2 1, for the eigenvalues
and a zero of order m > O for the Hamiltonian itself. The analysis shows that the Dykhne
formula must be completed by a novel prefactor which depends on both # and m. In particular,
this prefactor can take the value zero, in contrast to the geometrical prefactor. We also consider
the case where the transition probability is govemed by & complex eigenvalue crossing points of
different orders n; and mj, j=1,..., N. The end result displays an interference phenomenon
between the individual prefactors similar to the case of generic eigenvalue crossing points n; = 1
and m; = 0 considered earlier.

1. Introduoction

The adiabatic limit of the time-dependent Schridinger equation

ie%g{;(t) = H{t)¥ (1) e—=>0 (1.1)

has been the object of renewed interest for several years now. The origin of this renewal
of interest is the seminal paper by Berry {1] in which he showed that the adiabatic
theorem of quantum mechanics could generate a phase factor of non-trivial geometric
meaning. After the abstract formulation of the geometric content of this result by Simon
[2], several theoretical as well as experimental works were devoted to this geometic
phase and its generalizations [3]. Another important aspect of the adiabatic theorem of
quantum mechanics has also been recently reconsidered, namely the rigorous estimation of
the (vanishing) transition probabilities between spectrally isolated subspaces. This aspect
specialized to two-level systems is the main concern of this paper. Consider a two-level
system driven by an analytic time-dependent Hamiltonian H(t) whose eigenvalues e)()
and e;(¢) are separated by a gap for any time f. It is known since the pioneering works
of Landau [4], Zener [S] and Dykhne [6], that the transition probability P(e) between
the eigenvectors of the system over infinite time is exponentially small in the adiabaticity
parameter &, as ¢ tends to zero, However, the asymptotic formula proposed in [4] and [6]
for real symmetric Hamiltonians, known as the Dykhne formula, was rigorized much later
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by Davis and Pechukas [7] and by Hwang and Pechukas [8]. This formula shows that in
simple cases the transition probability is governed by one of the complex crossing points
of the analytic continuations of the eigenvalues. i.e. points z; such that ei1(z;) = ea(zy).
Generically, the complex eigenvalue crossing points are square root branching points for
the difference of the eigenvalues:

e1(2) — e2(z) = (z — )2, (1.2)

If z; is the relevant eigenvalue crossing, which is assumed to be generic, then the Dykhne
formula reads

Ple) =~ exp[ - %‘ Imj(:Zl 21(2) — ex(2) dz[} as g — 0, (1.3)

It was pointed out recently by Berry [9] and Joyve ef af [10] independently that the Dykhne
formula (1.3) must be completed by a prefactor of the form exp{2 Im#} when applied to
generic complex Hermitian two-level Hamiltonians. This prefactor is geomefric in nature
and is given by the analytic continuation of the geometric phase mentioned above around the
relevant complex eigenvalue crossing point. For real symmetric Hamiltonians, this prefactor
reduces to 1, vielding back the familiar Dykhne formula for the transition probability. The
geometric prefactor was measured successfully by Zwanziger et af [11] in a spin experiment.

More general expressions for P(g) can be found in [12-15], whereas a phenomenon of
interferences is studied in [16] when several eigenvalue crossing points govern the transition
probability. Similar problems were also considered for more general systems [17,18] and
the reduction of general problems to the study of two-level systems was legitimated in [19].
In particular, the so called Landan—Zener formula was rigorized in [20] and [21], See also
22].

The main purpose of this paper is to study the asymptotic of the transition probability for
two-level systems driven by real symmetric Hamiltonians displaying complex eigenvalue
crossing points of higher orders. This means that we consider the general behaviour (see
hypothesis (iv))

a@—e@~z-—a)"? nxl (1.4)

close to the relevant crossing point z1, instead of the generic square root behaviour (1.2).
Let us give a heuristic description of the physically expected behaviour of the transition
probability P(¢) in this situation, Assume for the discussion that z; is close to the real axis.
Thus the two levels ¢; (#) and ex(2) for real ¢ become close to each other in a neighbourhood
of z;. Now if n takes a larger valve than 1, the levels will be close to one another on a
larger region of the real axis. As a consequence, the transition between the levels should
be enhanced and the transition probability should be increased. On the other hand, the
Hamiltopian H(z) itself may possess a zero of high order at the degeneracy point z; (1.4)
of the levels:

H(z) = (z—z)™. (1.3)

(Then, necessarily Zm < n, see lemma 3.1.) This means that, although the levels are close
to each other in that region, the coupling between them is very weak. As a consequence, the
transition probability should be decreased. The asymptotic formula for P(e) in the adiabatic
limit £ — 0 must thus reflect the competition between these two conflicting effects.
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Our study of this problem in the simple case described above of one relevant eigenvalue
crossing point z; characterized by the integers r and m, leads to the appearance of a non-
trivial prefactor in the asymptotic formula for the transition probability (see corollary 2.1):

oz TR —2m)\ _E
P(e) =~ 4sin (—2(n+2) )exp{ -

Imf ] e1(z) —ex(z) dz } ase—0. (1.6
o g

The novel prefactor Asin*(m(n — 2m)/2(n + 2)) is induced by the high-order complex
degeneracy z; and is not of geometrical origin. This prefactor reduces to 1 if z; is a generic
complex eigenvalue crossing (r = 1, m = 0). For a given order n of the degeneracy, it
can take n/2 + 1 (respectively (n + 1)/2) different values depending on m, if n is even
(respectively odd). Moreover, it describes correctly the competition described above: if we
set m = 0, i.e. H(z;) # 0, we sce that the exponential function is multiplied by a factor
greater or equal to 1, which can get close to 4 if n is large. This is the behaviour expected
for close levels and large coupling. In contrast, if we take for m the largest admissible
value m = (n — 1)/2, assuming » to be odd, the prefactor is less or equal to 1 and can get
close to 0 if » is large. This describes the effect of the weak coupling between the levels
if the Hamiltonian is highly degenerate at the high-order complex degeneracy of the levels.
Moreover, if # is even, the value m = /2 yields a prefactor exactly equal to zero, and this
for any value of r. This means that when the eigenvalue crossing is the consequence of a
degeneracy of the Hamiltonian, the coupling between the levels becomes ineffective (o the
leading order). For other intermediate values of m, the balance between the two extreme
situations is described by the sine in the prefactor. Note that the prefactor is equal to 1 if
m= %n — 1 € N. Naturally, the exponential decay rate in (1.6} also depends on n. An
explicit example displaying a non-trivial prefactor is studied in section 4.

This result can be extended to the cases where the transition probability between the
two levels is governed by several eigenvalue crossings z;, j = 1,2, ..., N, each one being
characterized by the integers n; and m;, (2m; < n;) defined as above (see conditions (iv)
to (vi)). The end result for P(e) is given by the sum of the contributions of each individual
eigenvalue crossing point (see theorem 2.1):

—_ i H 2
P(e) =~ 220} sin (W;’E’ +2;n)’)) exp [ - é]; je1(z) — e3(2) dz] ase—0
1.n
where o; = %1 is determined explicitly. In such a case we have
Zj - 1
Imf e1(z) — es(z) dz = Imf e1() — ex(z)dz
0 0
2
—’Imf e (z) —ex(z)dz| <0 Jj=12,...,N. (1.8)
0

This formula generalizes (1.6) in the same way as the result of [16] generalizes the case
of generic eigenvalue crossings considered in [10]. As in the corresponding result of [16],
the main feature of (1.7) is that it takes into account the phases of the individual transition
amplitudes which induce interferences in the asymptotic expression of P(g), as ¢ — 0. For
a more detailed discussion of this phenomenon and numerical illustrations of it, we refer
the reader to [16].
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The presence of a non-trivial prefactor in formula (1.6) was noticed by Solov’ev in
[23,24]. However, the case m = 0 only is dealt with, so that the conflicting effects
described above are not taken into account. Moreover, no estimates on the error terms are
given in these works, as explicitly stated by the author. Finally, the same result can be
obtained by using the concept of superadiabatic evolution {12, 18, 19] and by following the
ideas presented in [12]. This approach was developed independently for the case m =0 by
Berry and Lim [251.

A similar phenomenon, although less general, takes place in the study of the
semiclassical limit of the stationary one-dimensional Schrédinger equation

2
- FLQ'%qD(x) + V(x)p(x) = Ep(x)  ash—0 (1.9)

when E > sup,p V(x). Indeed, the mathematical structure of the computation of the above
barrier reflection coefficient R(%) and of the transition probability P(g) are quite similar,
as noted in {4,6-8]. Assuming that V is analytic, the role of the complex eigenvalue
crossing points is played here by the complex turning points z; such that V(z) = E.
They are generically simple zeros of £ — V(z). If z; is the relevant generic turning
point, the reflection coefficient is given by a decreasing exponential in 1/% with decay rate
—4Im i VE — V(z) dz| {7,8). When applied to this semiclassical context and assuming
that z; is a zero of order n 2 1 of E —V(2), our analysis yields (see theorem 5.1)

R(B) = 4sin? (Z(n’riz))exp{ - % mj:l,/f: —V)dz

The appearance of a prefactor for non-generic turning poinis was already recognized
by Pokrovskii and Khalatnikov in 1961 [26]. Then this problem was reconsidered and
generalized in [27-31]. In particular, in [28] Berry used an original method in which R(%)
is represented by a convergent multiple reflections series. However, no rigorous derivation
of equation (1.10) can be found in the literature. Note that the prefactor here is entirely
characterized by the order » of the zero of E — V() and is always greater than 1. This
property reflects the fact that the semiclassical problem depends on one function only,
E — V(2), whereas the adiabatic problem is determined by two independent functions B;(z)
and Bs(z) (see below). Although formula (1.10) is not new in this context, we transpose
our rigorous analysis of the adiabatic problem to the semiclassical problem in section 5 to
provide explicit error bounds which are Iacking in the treatments quoted above. Again, the
result can be generalized to cases where the reflection coefficient is determined by several
turning points of arbitrary orders (see theorem 5.1).

The plan of the paper is as follows. We give in section 2 a precise formulation of our
main result in the adiabatic context. Section 3 contains the proof of the theorem and we deal
with an explicit example in section 4. The application of our analysis to the semiclassical
computation of the above barrier reflection coefficient is briefly exposed in section 5.

] as i — 0. (1.10)

2. Main result

We consider the singular limit £ — 0 of the equation

is%w(z) = H@®)¥ () teR 2.1)
where the Hamiltonian H(¢) is a 2 x 2 real symmetric matrix
_{ Bty  Bi(®)
HE = (81 ® B (t)) ' @

We assume the following regularity conditions.
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(i} The Hamiltonian H (¢) is analytic in a strip §; = {z =t + is & Clls| < 4}.
(ii) There exist two non-zero real symmetric mairices H{(+oo) such that

m_sup ||H(#) — H(Eo)[||t]'+ =0 S (23)

t— koo 151<a

for some o > 0.

Moreover, we suppose that the eigenvalues of H(z), e;(t) and e, (2), are separated by a
gap during the whole evolution:

(iif)
ait)~e() >g>0vtek 24

The eigenvalues are given on the real axis by the expressions

&(t) = (~1)'/p@ | @5)
where
p(®) = BX(t) + B3®) 26)

is strictly -positive. The function p(f) is analytic in §; whereas the analytic continuations
e;(z) of the eigenvalues ¢;(t) are generally multivalued in S;. The complex eigenvalue
crossings give rise to branching points for e;{z) which coincide with the zeros of p(z), the
analytic continuation of p(#). We select on the real axis a set of normalized instantaneous
eigenvectors @; (1)

H{®)p;(2) = ¢;(D)g; () teR, j=12 @7

by requiring that
d :
(o790} =0 j=12 (2.8)

({]-) being the usnal scalar product in C%). It is a standard result that these vectors are
unique up to an overall phase factor (see [32]). Moreover, their analytic continuations, ¢;(z),
are multivalued in §,, with singularities at the eigénvalue crossings, as shown explicitly in
[10] and [16]. Our condition (if) insures the existence of the limits ¢;(+e0), j =1,2.

We expand the solution y(#) of (2.1} on the eigenvectors just defined as

2 . t
i
¥t) = ECj(t) exp [ - E/; e;(s) ds](aj(t) reR. (2.9)
=
The unknown ’coefﬁcients ¢;(¢) satisfy then the equation -

d 2 i
o0 = Zak;(t) exp {(-1)%&(:)} 0 j#ke{l,2} (2.10)

=
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where

} ! )
AQ) = fo (e1(s) — ex(s)) ds = —2 fo JoE)ds 211)

d
ay(t) = -—(qak(t) a@j(t}) tekR. 2.12)
By condition (ii) again, the limits ¢;(+00), j = 1,2, exist. We consider a solution 1(z)
which, as t = —oo, is asymptotically an eigenstate of H{(—co) associated with ¢;(—c0),
i.e. we choose

=00y =1 c(—00) =0. (2.13)

We want to compute the probability to find the system at z = +-co in the eigenstate associated
with ez(400), Le. the fransition probability

P(e) = |ea(+o0)[*. (2.14)

As noted in the introduction, the transition probability is governed the complex eigenvalue
crossings of the Hamiltonian. In this paper we consider the general situation characterized
by

(iv) The set X of zeros of p{z) in 8§, consists of 2r interior points 21,7y, 23,72, -- -
Zn, Zn, Where 7 and 7 are zeros of order g 2 1, k=1, ..., n (Imz: > O by convention).

Moreover, the number of vanishing derivatives of the Hamiltonian at the eigenvalue
crossing z; is of importance. Hence we further introduce:

{v) Let m; > 0 be the order of z;, considered as a zero of H(z). We have 2m; < ng.

The inequality 2m;, < n; is always satisfied, as shown in lemma 3.1.
As usnal in this type of analysis, the Stokes lines of the problem play an important role.
They are defined through the analytic continuations of the function (2.11),

A =2 fo /oG ds @.15)

where the path of integration from 0 to z belongs to S;\X. This function has branching
points at the points of X and is defined by continuity if z € X. The Stokes lines of the
problem are defined by the set of level lines

Im A(z) =Im A(z) VzesS,, k=1,...,n. (2.16)

{Confusion should be avoided here between our definition (2.16) of Stokes lines and the
other convention consisting in calling the level lines Re A(z) = Re A(z) Stokes lines.)
There are ng -+ 2 branches of Stokes lines emanating from a zero z; of p(z) of order ng,
as verified by a local argument (see e.g. [33]). We now state our last hypothesis which
concerns the global behaviour of the Stokes lines:

(vi) There exist N eigenvalue crossings zj,...,zy and a Stokes line ¢ - (1), t € R,
in S, which passes through z;, ..., 2y and satisfies

lim Rey(t) =+co . sup|lmy(t) <a. (2.17)
t—+o00 teR

This assumption may look merely techaical at first sight, however it allows the N eigenvalue
crossings governing the transition probability to be determined, which is obviously an
essential issue, For a detailed investigation of this important aspect and a geometric
interpretation of it, we refer the reader to [10].
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Theorem 2.1. Let H(¢) be a real symmetric 2 x 2 (traceless) matrix satisfying conditions (i)
to (vi) and let ¥{¢) be a solution of the Schrodinger equation (2.1). Then, there exist
constants * > 0 and p > 0 such that the transition probability P(g) defined by (2.13) and
(2.14) is given for any & < &* by

& o s
> 20;sin (__—Jr;r;; y +2QH.;J )) oxp [—%A(zj)}

j=1

2
P(g) = +0 (s" exp {—%I Im A(m)l})

(2.18)

where A(z) = [y e1(z) — ex(z) dz, 0 = %1 and 2m; < ;.

Remarks.

s The value of o; is determined by the phase of (d™ /dz"™)B;(z;), see lemma 3.1.

o An explicit value for the power p is given in lemma 3.3. However, as noticed in
[16], this power is not the optimal one and the error term is probably much smaller than
the estimate obtained here.

¢ Since the relevant eigenvalue crossings are located on the same Stokes line y, we
immediately have, forall j =1,..., N,

ImA(z) = I AQz) = —| Im Azg)| < 0. (2.19)

@ The assumption (ii} can be weakened a little, see the example and [15].
e If the boundary conditions (2.13) are reversed, the transition probability P(g) =
le1(00)|? is given by the same formula, as noted in [16].

Setting N = 1 we have the immediate:

Corollary 2.1.  Under the same hypotheses as in theorem 2.1, and with the notation ny = n,
my = m, there exist constants s* > 0 and p > 0 such that

Pe) = (4 sin® (%%) + O(sﬂ)) exp {-%1 Im A(Zl)l} (2.20)

for any ¢ < £*.

This yields the prefactor discussed in the introduction.

3. Proof of the resuit

We show theorem 2.1 by following a direct generalization of the method used in [16]. Let us
briefly recall the strategy. Using the analyticity of the problem, we consider the differential
equation (2.10) for the coefficients along the Stokes line ¥ of condition (vi), rather than on
the real axis, except in the neighbourhood of the singular points. The singularities of this
equation are precisely the eigenvalue crossing peints which are located on . Around these
singularities we solve exactly a comparison equation which captures the dominant features
of the equation. Then, we asymptotically match this approximation with the solution of
(2.10) obtained along the Stokes line, which we control by using an integration by parts.
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Let us recall some general facts which are proven in [10} and [16], under conditions (i)
to (vi):

o The simply connected domain £ defined by its border 3Q2 = ¥ U7 contains no point
of X in its interior.

o The functions A(#) and a;(¢t) defined in (2.11) and (2.12) possess single-valued
analytic continuations A(z) and a;(z), ¥z € Q\X.

e The expression of the couplings a;;(z) in terms of the functions Bi(z) reads in our
case

agi(z) =

-1y (Bs(z)p'(-'f) Bé(z)p@) 3.1)

T @ B

4B;(z) 281(z)
provided p(z)B;(z) # 0 and with the notation ' = d/dz (lemma 3.1 of [16]). Moreover, we
can exchange the indices of the functions Br(z) in this formula.
e The coefficients ¢;(f) thus admit single-valued analytic extensions ¢;(z) in £2\X such
that

:—légloo lej(t +is) — ¢j(Fo0)] r+is € Q. (3.2)

These properties allow us to consider the apalytic continuation of the system (2.10)
along y(#) in particular, with boundary conditions

ci{y(—cc)) =1 ca(y(—o0)) =0 (3.3)
to compute

P(e) = lealy (o). (34)

3.1. Study of the singularities

Let zy denote any one of the points of X belonging to y, characterized by the integers n 2 1
and m = O such that

p(z) = r(z)(z — 20)" + Oz — z)*™) r(zo) #0 (3.5)
H(2) = h(z)(z — 20)™ + Oz — )™ ) h(zo) # 0, (3.6)

Lemma 3.1.
(2) The integers n and m are such that 2m < n.
(b) Using the notation £ () = (d"/dz™) f(z), we have the behaviours

Gy if2m <n

o (2) = (-1 iaoi’;—__?‘g.% + 1) 3.7
where oy is defined by BY™(z0) = icpB™ (z0) # 0;
(i) if 2m =n

a;(z) = O(1) ; (3.8)

for z in a neighbourhood of z.
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Remarks.
o The factor n — 2m describes quantitatively the conflicting effects discussed in the
introduction on the strength of the couplings ay; between the levels.

e If n—2m = 0, the couplings are analytic at 2p whlch allows us to use a simple method
to estimate the transition probability in this case.

Proof. 1t follows from (3.6) that one of the functions B;(z) at least has a zero of order m
at zp. Hence we can assume that

(m)
Bi(z) = m(ZO) —_—z=-2)"+ Oz~ ZU)'""'I) (3.9)

with B™ (z) # 0, so that
5"\ |
BX2) = T) @ — w)™ + Oz — 2)>™*1). (3.10)

Similar expressions hold for Bi(z) and B%(z) with [Bg'“)(zg)] 2 0, hence 2m < nis a
consequenice of (3.5). . ;
Assume that 2m < n. Then we have
(B}@) + B3(@)® |y =0 (3.11)
50 that

(B3P (20) = —(BY)®™ (z5) 0. '. B 3.12)

Thus we can write

B{™ ) .
By(z) = — — )" + O((z ~ 20)™*) (3.13)
with
(m) —_ m! 23(2m) - i ()
B (20) = W\/ (B3)¥™) (z0) = iooB| " (20). (3.14)
It remains to insert these expressions in (3.1) to obtain assertion (i). )
If 2m = n, then |BY? ()] > 0 and (3.1) again yields the result. O

Let us segment the Stokes line y in several parts containing no eigenvalue crossing
points in the following way. We introduce zi & ¥ such that .zi are in the neighbourhood

of z; € X and z; is first met when we foIIow y from —oo to +00, see figure 1. Let us
also deﬁne the pomts ;* € y which are a finite distance away from z; and such that £; *is
between z and z;11 andc‘,‘ = {14, as in figure 1. We set {|” = —oo and L = oo The
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Figure 1. Definition of the points z¥* and .

segment of Stokes line ¥ delimited by £ and ;J?" is denoted by y;, whereas the segment

delimited by ¢* and z} is denoted by y.i.

We consider the system (2.10) along the portion of Stokes line ¥, delimited by #; and
7p » (the index O still denoting any index). Let us estimate ¢;(z7) as functions of ¢;(Z;).

In order to do so we work with the more appropriate variables
Ao=a® a0 = {la@}aw

satisfying the equations
iz =cig) + /; ’ a2(Z') exp E(A(z’) - A(Za))} &(z)d7’
5@ =8E) + f; " (@) exp {——%(A(z’) - A(zo»] G@)d7

for any ¢ and z in ©. Performing an integration by parts we have

4

G@=8E) + -?%l-f-(z’) exp { %(A(z’) - A(zo))} &(2)

1
z Y i
[ G e [gm(z') - A(zo))] @)

e f*apat, . .,
[ S wae

6@ =6 - %%(z’) exp [~£(A(z’) - A(zo))} a(@)

¢
+2 f; (%) @ e {-—icACz') - A(zo))} Gy a7

e (Fanan, , .,
+ ij; VY, (2hexz).

(3.15)

(3.16)

(3.17)
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x(z,)

Figure 2. The analytic continvation of x(z) inside Q.

32. CaseZm <n

From now on we assume that 2m < n. The case 2m = n is treated below. Using lemma 3.1
and (3.5), if z is close to z; we can find constants independent of j and z (which we denote
generically by «) such that
akj K
s )I =z — 7|22
a;;_,
( )l _—20[(""'4) 7 (3.18)

K

tlnazl . )I .
=z — zpl@tH2

As z € y;, we can assume that the above estimates hold for any such z. We set
iz = SUP, ¢y, |€k(2)| and & = jz5 — zo| so that using the property

Im A(z) = Im A(zo) Vzey (3.19)
we obtain for all z € y~ ’ o

G < IGC + ks G0 + IEI)
. (3.20)
B < 18+ K e (UG + 1D,

Hence, taking the supremum over z € y; and summing the resulting inequalities, we get
- ] —— — —— — 8 Pt _——
el + eall < [Ei(ge ) + 122090 +2KW(1161 I+ IiCzII)[-; (3.21)

Then, choosing & small enough so that 2ke/80+2/2 < 1/2,

el + 180 < (e + 860D ' (3.22)

for another constant «. Coming back to (3.17), we obtain under these conditions and for
all z € ¥y

[8k(z) — Gl < fcg,,—f;)—,zua(;;n + 18255 )D- (3.23)

We can perform the same type of analysis on the segment ;" delimited by z& and ¢
Setting & = {z§ — 2o} we obtain simi]arly

[EI(Z) - E;(zo )| = KJ(R'I‘Z)/Z (Icl (Z(] )l + ICZ(ZEE‘)[) (3‘24)

forallz €.
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3.3. Comparison equation

We now tum to the determination of the comparison equation valid in the neighbourhood
of the singularity zo. Tts exact solution will allow us to express the coefficients c’:}}(zg' ) as
functions of Zx(zy ), up to errors which we master below. These coefficients satisfy

&'(2) = an(z) exp [%(A(z) ~ A(zo))} &)

. (3.25)
56) = aut exp | ~2(A0) - A | G
Let us introduce a suitable new variable x by
£x = A(z) —A(zg) =2 f ’ Jpzhds (3.26)
E

which is well defined in the neighbourhood of zp. Note that x depends on both & and zp
and that this change of variables is one to one if z € 2. By definition, x isreal if z € ¥
and since Im A(zg) < 0, we have

x(z5) >0 and  x(z) = e Ix(zd) < 0 (3.27)

when the analytic continuation of x(z) from zj to z is performed along a path belonging
10 %2, see figure 2. In terms of the variable x, the system (3.25) reads

d . £ .y~
el (z(x)) = *mau@(ﬂ) expfix]c2(z(x)) 625
S E() = T () expl I ()

which we rewrite in matrix notation as

%é(z(x)) = D(x, &)é(z(x)). ‘ (3.29)

Now, using (3.5)

- "‘4‘n"f:“—22°) -2+ O0E—7) (3:30)

s0 that -
z =29 = O((ex) D), (3.31)
These expressions and lemma 3.1 yield

giog(n — 2m) 1
8/r(20)(z — z0)(n+2/2 +e0 ((2 - 20)"’2)

= (1R ZO((e ) + 50((ex) )

_¢_qysioole —2m) 1 2/(n4+2) , =n/(n+2)
= ( ‘1) 2(n +2) p _!,_0(3 X ) (3.32)

— () = ~(~1)

2/p(2)
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Keeping the leading term of this expression only, we define our comparison equation by

d. . iog(n—2m) el
-d-x“cl(x) = +————2( T x —2(x)
(3.33)
i”’(x) wg(n 2m)e i e )
T 2 +2) x O
or, in matrix notation,
-El-c(x) Alx)e(x). | o (3.34)
dx

We note for later reference that the difference between the approximate system (3.33) and
(3.29) is given by the matrix B(x, ) defined by

D(x,g) = A(x) + B{x, &). (3.35)
As a consequence of the above considerations, the following estimates hold

(n — 2m) ellmsl
2(n+2) |x]
Enx|

el
gD _
1B, ) < ke s 3:37)

(3.36)

A <

where x is some constant.

We know from (3.23) and (3.24) that we can confrol the solution of (3.29) along Yo
up to errors of order £/8@+2/%, where § = [zF — zo} = O((ex)¥®+D), ie. emrors of order
1/|x]- Hence we shall impose the matching condition |x| — oo and [gx] — 0.

In order to compute ¢;(x), j = 1,2, we convert the system (3.33) to a second-order
differential equation for £;(x), by eliminating &:(x). Setting

{n —2m)

d= 2(n+2)

>0 | (338)

we obtain the following equation for ¢;(x)

a2

@+ (1 )f'(x) ) = - (339)

This eguation is exactly the same as the one obtained for the value d = 1/6 in [16},
equation (5.1). Following [16] we write the solufion of (3.39) as

Fx) = e*x%w(—ix) (3.40)
where the function w(y) satisfies
yuw'(y) + (b — ' (y) —aw(y) =0 ~ (341)

with a = d + 1,6 = 2d 4+ 1. This equation has been the object of many studies and its
solutions are well known [34]. We list below the properties of interest for our problem [34]
and [16].
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o Two linearly independent solutions of (3.41) are given by
wi(a, b, y) = M(a,b,y)

(3.42)
wa(a, b,y) =y M@a—b+1,2—-b,y)
where
_T'(®) - T@+n)y"
M(a,b,y) = r(a)?;or(b-m) ~ b#0,-1,-2,... (3.43)
is single valued and is called the Kummer's or confluent hypergeometric function.
o The asymptotic behaviours of w; and w, when
fy] — oo 2:r <agy < -—J’t (3.44)
are given by
—ira_ L (&) I'(b )
—e-ira_— 7 00
w;(a,b,y)—e I"(b——a) ( b y)+ P( ) (a,b,}‘)
—inta—ba1) L (2 —B) P2 ~-b)
_ —in{a—b41) oo il Ay
wﬁ(as bs y) € 1-1(1 ) ( b )+ ( b+1) 2 (a’ b: y)
where
wi(a, b, y)=y I—amwb+n;+0 7
’ L (3.45)
wy'(a, b, y) = y* o (1 +¢—-a)l-— a); +0 (;—2—)) .
# The derivatives of w; and w2 can be expressed as
d
@b N =guE+Lb+1y)
(3.46)
L @b, = 22,6, 3+ 222 e, b -1, y)
dst»y—y 2 ¥ (2 b)Zs 1 ¥
o Finally, we have the symmetry relations
T.U[(a, b’ ei”}’) = e_ywl(b —da, b! J’)
. . (347
wa(a, b, €*y) = ¥ Peuy(b — a, b, ¥).
Hence, making use of (3.40), the first equation (3.33) and (3.46), we can write
C1(x) = & (px?wi(d + 1,2d + 1, —ix) + gx%un(d + 1,2d + 1, —ix))
Hx) = ——‘;}E(p{ixd'“wl(d +1,2d 41, ~ix) + dxun(d + 1,2d + 1, —ix)
0
_i AL ey, (d +2.2d 42, —ix)
+1 neETS ’ (3.48)

+q ixd+lw2(d +1,2d + 1, —ix) — dxdu&(d +1,2d + 1, —ix)

1—d _
+ 3" wa(d + 1,24, —lx)})
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where p and g are constants. Note that the condition 2m < » implies that 1 — 2d # 0.
Let us compute the asymptotic of ¢;(x) as [x| — oo. As noted earlier, x is real and
positive on ¥, . Hence arg(—ix) = —x/2 on y; and we can apply the expansion (3.45)
of w; for x large and positive. After some straightforward algebra and with the identity
'z + 1) = zI'(z) we obtain

-~ I'2d+1) I'(1 —-2d)
— fdmf2” N2 Y S idm/22 \ =) =
Cl(")"’[c NCESY w( )}”[e T —d) +o(x)}

~ _ _._i,. _idz/z'F(Zd +1 (l) .
c;(x? =~ ud (p {e ~—--———-1_,(d) + QO . (3.49)

id3n/ I'(l —2d) (
+q[ 2-——-—-~—-——F( 5 +0 -

as x = +oco. On y;f, x = e[x| so that the expansions (3.45) are useless. Thus we
consider the symmetry relations (3.47) to write for x > 0

1€ x) = pe™x%wy (d, 2d + 1, —ix) + ge ™ x%w,(d, 2d + 1, —ix)

& x) = ——;i-&-ei* (pe.""d{ — ix®w (d, 2d + 1, ~ix) + dxwi(d, 24 + 1, —ix)

. d
+idtL d+1w1(d,2d+2,—ix)}

"2d +1 (3.50)

+ qe“i”d{ — ix™lwy(d, 2d + 1, —ix) — dx%wy(d, 24 + 1, —ix)

1-4d
T de daald — 1,2d, —Lr)})

and we can apply formulae (3.45) to compute the asymptotics as x — +-00. We get similarly

o (el 4y — ldHJZP(Zd"I'I) ( )} {id,,,gf‘(l—2d) 1
€1(e”x) p{e SZEET) +0 +4q1¢ Ta—a +o(;)}

) in i a2 @A+ 1
&ie x)=_an;d (p[ igany2 24+ 1) (I‘(d) ) | o( )} (3.51)

——1d.1rj2r(1 (
+q[° e d)

Thus we have:
Lemma 3.2. Let é(x) be a vector solution of (3.34) whose asymptotics as x — 400 is
given by
- a 1
= Of—4.
c(x) ( b) + (x) (3.52)
Then

e r) =T, (;) +0 G) - (3.53)
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where

1 0
Yo = (ao—’z sin(rd) 1) : (3:54)

Remarks.

e The matrix ¥p depends explicitly on the singular point 7o around which the analysis
is performed.

e In the adiabatic context, op = *1, so that o ! = gp. However, this is not true in the
semiclassical context. This is the reason why we keep on writing o5

o Replacing 4 by its value d = (n — 2m) /2(n - 2), we obtzin the individual prefactor
of corollary 2.1.

Proof. By (3.49) and (3.51) we can write

E(x) = W(x) (‘;) x>0 (3.55)
where W(x) = W, 4+ O(1/x),
' T'2d + 1) T'(l —2d)

W, = eidnl? rd+D I —~ad) (3.56)

_ie-idx F'2d +1) ieid:r 'l —2d)
%o T'd+1) oo I'l—ad
and W(e"x) = W_ + O(1/x),
I'2d + 1) T(1 —2d)

_ aidn/2 . rd+1) . m
s _d P2+ D § L, T —2d) | (3.57)

e F'd+1) oo rA—d)
Thus, by hypothesis

()-(wre@)(@)e0) e

&ex) = W W (‘;) +0 (i) (3.59)

hence

and we compute W..Wy! = ¥p. i

3.4. Asymptotic matching

We now turn to the matching of the asymptotics obtained for €(x) and the one given for
&(z) in (3.23) and (3.24). Let us determine the error made by replacing & by ¢ in the
neighbourhood of z5. As in [16], we denote by Ua(x, xo) and U(x, xg} the associated
propagators defined by

U:q(xa xo) = A(x) UA(I, xo) UA(xO; xﬂ) = ]I

, (3.60)
U'(x, x0) = (AG) + B(x, WU (x, %) Ulo, x0) =1,
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By the method of variation of the constant, we obtain the identity (see [16])

Ulr,xg) — Ualz, xp) = fx Ua(x, s)B(s, £)U (s, xp) ds. (3.61)

X0

Consider the path consisting in the following three parts in the x plane

e a rectilinear part from xg to 1, xp > 1,

» a semicircular part from 1 to —1 in the upper half plane,

e a rectilinear part from —1 to —xo.

We want to evaluate U (—xg, xg) — U a(—xp, xo) 1ntegratcd along the path just described.
We decompose

U (—xg, x0) — Ualxo, x0) = (U (—x0, —1) — Us{~xq, —1)}UA(—1, DU, x0)
+ U(=xp, —1)U (=1 1) = Us(=1, 1)U, x0)
+ U (=xp, 1)U (=1, DU, x0) — Ua(l; xo)) (3.62)

and bound each term separately. For x and y on the same branch of Stokes line, ie.
x-y >0, we have, b, standard estimates using (3.36) and (3.37),

HUa(x, M| < exp(d]Inx/y|)

U, y) < exp(d|Inx/y)) CXP[K(stIZ"”’" + ey Pl <k expld|la /3D G
as !ax], |ley| = 0, so that by {3.61)

UG, 3) = Ualr, DI < e (|exFOHD 4 ey PesDy, (3.64)
Along the path x(8) = €, 6 € {0, 7], we get by similar methods

[U(=1, 1) = Ua(~1, D} < e+ (3.65)
Gathering these estimates, we obtain from (3.62)

1T (~x0, X0) — U (xo, x0)l| < k32 (£20) >+ (3.66)

as & — 0, xg — o0 and exy — 0.
We can now determine explicitly the scaling limit which matches these asymptotic
formulae on the whole segment of Stokes line . Let us define

g = max, n; (3.67)

and assume that
&) = ( ) + OV, - (3.68)

Setting

exp = ex(zy) = O((zy — 0)"™>/9) (3.69)
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we get from (3.23)

&(zy) = (‘;) + Oy 1 0 (i) (3.70)
X0
since .
8 = |z — | = O((exg)¥ "), (3.71)
At that point we use Uy instead of U to compute é(za" ). That is we consider
1
E(xg) = (Z) +0@EY9) + 0 (._..) (3.72)
Xo
and get from lemma 3.2
& xo) = Yy (f)) + OV L 0 (xi) . (3.73)
0
We thus make an error which we estimate by (3.66)
&€ x0) — &(™ x0}]| = O(x3* (ex0)” ). (3.74)
As
2 n+-2—2m 2 2
2d = <1 d > — 3.
tFiT Thr2 an nt2” g+2 375)
we have
8y = Yo ( g) + OED) 4 O(rge @) + O (xi) . (3.76)
0

Finally, we make use of (3.24) to compute é(¢;"), assuming that xoe%@*2 — 0, as £ — 0.
We obtain, with

8 = lzf — 20| = O((ex0) ™) G717
1
& =Y (‘;) + O@EV9D) + O(xe¥ @) 4- O (x—) : (3.78)
0
At that point we impose that all error terms are of the same order, i.e.
V@) o g - L (3.79)
Xo
We thus find
xp = V@D : (3.80)

which justifies our vse of lemma 3.2 and yields the formula

N =Y (‘;) + OV, (3.81)

We can reiterate this procedure since we are in the same conditions as we were in at the
beginning of the computation.
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3.5. Case 2m=n

Consider now the case where 2m = 1, i.e. where the couplings ai;(z) are analytic at z = zq.
Between &5 7 and &, 28, we use (3.23) and (3.24) with §%+2/2 replaced by §"/2:

Eel2) — Ck(to < KW(IQ(CJ)I +16E) | Yzey

3.82
G (2) — &Gz < K-ﬁ(lﬁ(zg')[ +aEDh . Vzey' o
Between z; and z} along y, we simply use (3.16) to obtain
Ie1(@)1 < 181(z5)] + k81| [22(z)] < |20z )| + &8E (3.83)
where . ‘
leel=  sup |G| (3.84)

z€p\y Uy
Hence, provided k8 < 1/2 we get as above
|Ex(2) — Cxlzg N < w3(IE1(z5) | + 182(z5)D) Vzeyo\yy Uy, . (3.85)
Thus assuming again that

&y = ( g) +O@EVerDy _ (3.86)
we get from the foregoing considerations )

&) = ( ) +0E4) 10 (a /2) +0@). (3.87)
Choosing 8 = £2/(+2) 5o that

5”% =3 o B . (388)

we finally obtain
C(;S') = ( ) + o(alf(‘1’+2)) + @(82/(n+2))

= Yo ( ‘;) + O er), (3.89)

Note that ¥; reduces to the identity matrix when 2m = n & d = 0. "We can state the
main lemma of this section, which is the consequence of (3.81) and (3.89):

Lemma 3.3. If

&y = ( ) + O(g'/ @+ - (3.90)
then

é(:J') =Yo ( “’) + O(s/a+2)
forall 0 < < n, where g = max;_;, v 1. A

" Theorem 2.1 is then a direct consequence of this lemma when we go back from the
coefficients &(z) in (3.15) to the coefficients ¢(z) and when we iterate these formulae from
eigenvalue crossing point to eigenvalue crossing point. We simply have to remember that
the definition of é(z) depends on the different points % and that Im A(z;) = Im A(z;),
j=1,..., N (see [16]).
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4. Example
Let us illustrate our result by the following example. We consider
iey’(1) = Ha()¥ (1) 4.1)
where
1 t 1 )
Hp(t) = —— 4.2
b)) = s (1 _t “.2)

and we want to compute the transition probability P(g). The Hamiltonian Hg(t) can be
considered as a generalization of the familiar Landan—Zener Hamiltonian which possesses no
complex eigenvalue crossing points in the whole complex plane. Indeed, Hg(¢) has analytic
continuations everywhere in the complex plane except at z = =21 where it possesses singular
branching points and its eigenvalues ejp(t} and esp(?) are identically equal to —1 and 1.
Moreover Hp(#) does not tend to its limiting values Hp(doo) = =T fast enough. Hence,
the Hamiltonian Hg(¢) does not fit in the framework of our analysis. Nevertheless, we can
convert the problem (4.1) by a simple change of variables into one to which theorem 2.1
applies. Let s € R be defined by

s =sinh™I(f) &= t = sinh(s). 4.3)
Then the vector ¢(s) = y(sinh(s)) satisfies
ieg/(s) = (S‘“‘;(S) _Si},h(s)) o(s) = H()o(®). (4.4)

The new Hamilionian H (s) is now analytic in the whole complex plane and the associated
function p(s) is given by

2(s) = 1 +sinh®(s) = cosh?(s). (4.5)
Thus the eigenvalues
ej(s) = (—1)/ cosh(s) i=L2 4.6)

display a complex degeneracy of order 1 (i.e. characterized by n = 2, m = () at

= i(%:rr + kx), k = %1, £2,.... Note, however, that H(s) diverges as § — oo, but

this will cause no trouble, as shown below. Let us consider the degeneracy at z; = in/2.
Thus

AlD) =2 fo ) cosh(z) dz’ = —2sinh(z) Alg) = =21 @7

so that the corresponding Stokes lines are given by the set
{z = x +iy| sin(y) cosh(x) = 1} 4.8)
described in figure 3. These lines define the border of the simply connected set 2, which
does not contain any eigenvalue crossing points in its interior. Consider now the couplings
ay;(2) between the coefficients ¢;(z). We compute by means of (3.1)
(=1
2 cosh(z)

Hence it follows that, although the Hamiltonian H(s) diverges at infinity, the coefficients
¢y{s} possess well defined limits ¢;(oo) as s — oo, due to the exponentially fast decay
to zero of the couplings at infinity. This remark insures that P(g) is well defined for this
problem. Thus we can apply theorem 2.1 to get

Pe) = e Y524+ O@EY*) (4.10)

for £ small enough. Note that the exponential decay rate —4 is equal to 2Im f;(em(z) -
e:m(z))dz, where i is the branching of Hg(z) in the upper half plane.

ay(z) = vz € Q\{u}. 4.9
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Figure 3. The Stokes lines associated with z) = in/2.

5. Semiclassical context

‘We consider the equation

d* )
W ¥ ) + PRV () = 0 G.1)

where p*(x) = E — V(x). We assume that V(x) is analytic in a smp S, that there exist
YV (+00) such that

lim sup [V(x +iy) — V(£o0)||x|""* =0 (5.2)

X200 1yj<a
for some & > Q and that

infE—V{x)z2g>0. (5.3)
xR

These assumptions are equivalent to (i)—(iii) in the adiabatic context. The complex turning
points are the zeros z; of p(z), z € S,, and the Stokes lines are the level lines

Im A(z) = Im A(z;) 7€ 8, 5.4

where
AR = -2 fu “p@)d. 5.5)

We further assume that (iv) and (vi) hold. Let us write the solution of (5.1) as a combination
of WKB solutions

- expl(i/e) fy p(x')dx’] expl(=i/e) Jy plx) dx’]

= 5.6
¥(x) 0] ca(x) 7507 (5.6)
Then, if the coefficients satisfy the system

] 0 explG/MAGIZ S
ac(x) = c(x) (3.7

expl(— l/ﬁ)A(X)] 0

p'x)
2p(x)
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then the expression (5.6) is a solution of (3.29} (see [8] for example). Consider the boundary
conditions

c(—oo) =0 cap{—c0) =1 (5.8)

which corresponds to a particule coming from +co. Then the above barrier reflection
coefficient R(#A) is defined by the ratio

_Je(#o0) |?
R@#) = pvawost I (5.9

The conditions (5.8) are reversed with respect to the ones we have considered above.
However, we can take as initial conditions

ci(—eca)=1 c(—0a) =0 (5.10)
and uvse the formula
_ |ea(Fo0)?
RO = T ool .10)

instead of (5.9). Indeed, it is readily verified that if (¢1(x), c2(x)) is a solution of (5.7} and
(5.10), then (ca(x), c1(x)) is another solution of (5.7) satisfying (5.8). Finally, it follows
from this remark that

la@P —le@P=c  VxeR (.12)

where & is a constant determined by the initial conditions.
Consider a turning point zp which is a zero of order » of E — V(2). Then,

E-V@=rz)z-2)"0+0&~zn)  r()#0. (5.13)
‘We compute '
p'(z) _ —V(2) _ n
2@ HE—V@E) -z TCW (5.14)
and
VNI > PR
A(2) = Alzo) "t (z—z) (14 Oz — z0)). (5.15)

Note that the leading term of the couplings p’(z)/2p(z) is never equal to zero in this context.
We define new coefficients &(x) as in (3.15) and the new variable x by

4/r(zp)

hx = AE) = Aw) =~ e = )P+ 0@ — 1) (5.16)
hence
z— 29 = O(rx)¥E+D), (5.17)
We are thus led to the following comparison equation close to Zg
%E(x) = R 2(n +02) * | &), (5.18)
2(n+2) x

This equation yields (3.39) again and we can use lemma 3.2 withoy = —iandm =0 to
comptte its solntion asymptotically. Finally, the error terms in the derivation of (5.18) are
the same s in the adiabatic context so that the whole asymptotic analysis performed in the
preceding section holds for this case as well. Hence we have the following theorem.
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Theorem 5.1. Let V(x} be a real analytic potential satisfying conditions (i) to (iv) and (vi)
and let ¥r(x) be a solution of the Schrodinger equation (5.1). Then, there exist constants

£* > 0 and p > 0 such that the above barrier reflection coefficient R(%) defined by (5.9)
and (5.8) is given for any i < #* by

¥ . TR i
;281{1 (m) exp {'—EA(ZJ‘)}

where A(z;) = =2 jg'} p(z)dz.

2
R(R) = +0 (s" exp {—%]Im A(Z1)I}) (5.19)

Acknowledgments

The starting point of this work was, in fact, the example designed by R Lim which is treated
in section 4. I am grateful to M Berry for proposing this example to me and for subsequent
correspondence about this work.

References

[1] Bery M V 1984 Proc. K. Soc. A 392 45
[2] Simon B 1983 Phys. Rev. Lett. 51 2167
[3] Shapere A and Wilczek F 1989 Geometric Phases in Physics (Singapore: World Scientific)
(41 Landau L D 1965 Collected Papers of L D Landau (Oxford: Pergamon)
[5] Zener C 1932 Proc. R. Soc. 137 696
[6] Dykhne A M 1962 Sov Phys.—JETP. 14 941
[7]1 Davis J and Pechukas P 1976 J. Chem. Phys. 64 3129
[8]1 Hwang J T and Pechukas P 1977 J. Chem. Phys. 67 4640
[91 Bemy M V 1990 Proc. R. Soc. A 430 405
[10] Joye A, Kunz H and Pfister C E 1991 Ann. Phys. 208 299
[11] Zwanziger J W, Ruocker S P and Chingas G C 1991 Phys. Rev. A 43 323
[12] Berry M V 1990 Proc. R. Soc. A 429 61
[13] Joye A and Pfister C E 1991 J. Phys. A: Math. Gen. 24 753
[14] Joye A and Pfister C E 1992 Non-Abelian geometric effect in quantum adiabatic transitions Phys. Rev. A
to appear
[15] Joye A and Pfister C E 1993 Semi-classical asymptotics beyond all orders for simple scattering systems
Preprint CNRS Marseille CPT-93/P.2913
[16] Joye A, Mileti G and Pfister C E 1991 Phys. Rev. A 44 4280
[17] Joye A and Pfister C E 1991 Conmmun. Math. Phys. 140 15
[18] Nenciz G 1993 Comunun, Math, Phys. 152 479
[19] Joye A and Pfister C E 1993 J. Marh. Phys. 34 454
[20] Joye A and Pfister C E 1992 Phys. Lerr. 169A 62
[21] Joye A 1992 Proof of the Landau—Zener formula Asymprotic Analysis to appear
22} Joye A and Plister C E 1992 Adiabatic evolution in quantam mechanics Proc. Statistical Mechanics Conf.
{Prague, 1992) ed R Kotecki to appear
[23] Solov’ev E A 1976 Theor. Math. Phys. 28 669
[24] Solov’ev E A 1989 Sov.Phys.—Usp, 32 228
[25] Berry M V and Lim R 1993 Private communication
[26) Pokrovskii V L and Khalatnikov I M 1961 Sov. Phys.~JETP 13 1207
[27) Froman N and Fréman P O 1965 JWKB Approximation, Contributions to the Theory (Amsterdam: North-
Holland)
[28] Berry M V 1982 J. Phys. A: Math. Gen. 15 3693
[29] HuJ and Kruskal M 1991 J. Math. Phys. 32 2400
[30] HuJ and Kruskal M 1991 J. Macth, Phys. 32 2676
[31] Hul 1992 J. Math. Phys. 33 37



6540 A Joye

[32] Xato T 1980 Perturbation Theory for Linear Operators (Betlin: Springer)

[33] Tedoriuk M 1987 Méthodes Asympiotiques pour les Equations Différentielles Ordinaires Linéaires (Moscow:
Mir)

1341 Magnus W, Oberhettinger F and Soni R P 1966 Foermulas and Theorems for the Special Functions of
Mathematical Physics (Berlin: Springer)



